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Abstract 

We describe the vector-tensor multiplet and derive its Chern-Simons coupling 
to the N = 2 Yang-Mills gauge superfield in harmonic superspace. 
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The N = 2 vector-tensor multiplet, which was discovered many years ago by Sohnins, 
Stelle and West |]l| and then forgotten for a while, has recently received mnch interest 
Q dne to the fact that it originates in the low-energy effective Lagrangian of = 2 
heterotic string vacna. As a representation of = 2 snpersymmetry, this mnltiplet is 
very similar to the massless 8-1-8 Fayet-Sohnins hypermnltiplet |^, |[ which possesses an 
off-shell central charge generating the eqnations of motion. 

The vector-tensor mnltiplet is the only known N = 2, D = 4 snpersymmetric model 
that has not yet been formnlated in the harmonic snperspace 0. Since the harmonic 
snperspace is believed to be a nniversal framework for N = 2 snpersymmetric theories, 
hnding a relevant formnlation for the vector-tensor mnltiplet seems to be of principal 
importance. On the other hand, adeqnate formnlations of the vector-tensor mnltiplet in 
an A^ = 2 snperspace with central charges have been given in recent papers |^. Onr 
primary goal in this letter is to show that the main resnlts of Refs. P, P] have a natnral 
origin in the harmonic snperspace approach. 

We start with re-formnlating the Sohnins prescription of constrncting snpersymmetric 
actions 0 in harmonic snperspace. The harmonic central charge snperspace 0] extends 
the N = 2 central charge snperspace [Q, with coordinates {x^, z, 6*", i9^}, 9f = (where 
2 ; is the central charge real variable), by the two-sphere = SU{2)/U{1) parametrized 
by harmonics, i.e. gronp elements 


(nr, Ui+) E SU{2) 

= 1 . 


( 1 ) 


The analytic basis of the harmonic snperspace defined by 


Jb A - tjb 


2i0(v™0^) 


a'^0-"u- Uj 


ZA^z + i{e+‘e- - »+r“) 
Si = nfSi 


( 2 ) 


is most snitable to the description of analytic snperfields which depends only on 

the variables 

C" = K‘,z*9+“,9+} (3) 

and harmonics uf (the original basis of the harmonic snperspace is called central [0). 
Below we will mainly work in the analytic basis and omit the corresponding snbscript 
“A”. The explicit expressions for the covariant derivatives = D]^uf in 

the analytic basis can be fonnd in Ref. |^. 
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The GIKOS rule [0 of constructing N = 2 supersymmetric actions 


J dc^-^^ = d^xd^e^d^e^ (4) 

involves an analytic superfield of 17(l)-charge +4 which is invariant (up to 

derivatives) under central charge transformations generated by dz = d/dz 


dz dx'^ 


( 5 ) 


Here is a function of the dynamical superfields, their covariant derivatives and, in 
general, of the harmonic variables. 

In harmonic superspace there exists a prescription to construct invariant actions even 
for non-vanishing central charges. The construction makes use of a constrained analytic 
superhed is an analytic superheld of 17(l)-charge +2 


= 0 


( 6 ) 


which satishes the covariant constraint 


£)++/:++ = 0 . ( 7 ) 

acts according to 

D++ = D++ + i (0+^0+ - D++ = - 2i0+cT™0+7^ (8) 

^ “ “ ^dz du-^ dx^ 

on analytic superfields. Then the action 

S = J ((0+)2 - (0+)2) £++ (9) 


is supersymmetric and, hence, invariant under central charge transformations. Under a 
supersymmetry transformation 

6x^ = -2i {e-a^0+ + 0+a^e-) 

6z = 2i {e~0^ — e~0~^) 

30 ^ = el (10) 


S changes by 


SS = j dC^-^Uu |((0+)^ - (0+)^) - 2 (e+0+ - 


e+0+) C++ 
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Making use of the identity 2 — €+0+) = —iD~^~^Sz and integrating by parts in (pd]) , 

one arrives at 

6S =-i j dC^-^^du6zD++C++ (12) 

and this is equal to zero due to (0). The action is real if is imaginary 


C++ = -C 


++ 


(13) 


X 

with respect to the analyticity preserving conjugation (smile) " = “ introduced in 0, 
where the operation ^ denotes the complex conjugation and the operation * is dehned by 
(u+y = M", («■)* = -u+, hence {u+Y* = -uf. 

Eq. i) is the formulation of the Sohnius action 


(see also []T|) in the harmonic 


superspace. More explicitly, in the central basis the constraint (^ means 


C++ = CYx,z,e)u+u+ 


(14) 


for some u-independent superhelds and the analyticity conditions (^) take the form 


Ddc^k) ^ ^ Q _ 

Since 

d^-^^ = ^d^xD-^D-DTD-^ (16) 

16 

the action (^ turns, upon integrating over S'^, into 

s = d / d-i (£>“£>' - DID^’) u, . (17) 


It is instructive to consider two examples. The 8 + 8 Fayet-Sohnius off-shell hyper- 
multiplet coupled to the N = 2 gauge multiplet is described in the N = 2 central charge 
superspace by a superheld qi{x,z,9) satisfying the constraints 0 

=0 ( 18 ) 

with the gauge covariant derivatives. This is equivalent to the fact that the superheld 
q+ = qiU+'' is covariantly analytic 

= yy = 0 ( 19 ) 

and satishes the gauge covariant constarint 

V++q+ = 0 . (20) 
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In the analytic basis is 


P++ = P++ + i (0+“0+ - 0+0+“) ^ V++ = D++ + i I/++ 

C/ 


( 21 ) 


where I/++ is the analytic Yang-Mills gauge prepotential |^. Therefore, the gauge invari¬ 
ant superheld 


^ + m g+g+ (22) 

meets the requirements (|]) and (|^). Because of (^Of ), the corresponding action can be 
rewritten in the following form 


‘S'fs = 


j dC^-^'^du {-g+T)++g+ + mg+g+ ((0+)^ - 




(23) 


which is very similar to the action functional of the inhnite-component g-hypermultiplet 
0. Another non-trivial example is the effective action of the N = 2 super Yang-Mills 
theory 00 (supersymmetry without central charges) 


^SYM — tr 


d'^xd^ej^iW) + tr 


d^xd^ej^{W) 


(24) 


where W is the covariantly chiral held strength of the N 
can be represented as follows 


2 gauge superheld [0. S'sym 


SsYM = ((»+)" - (O^f) 

4™ = - {f>*fHW). (25) 

It is obvious that satishes the requirements (P) and (0)- 


A free vector-tensor multiplet can be described in the harmonic superspace by an analytic 
spinor superheld 

Dt'H; = Dt'H; = 0 (26) 

subject to the constraints 


= 0 

n-a^+ = n-"T+ 


(27) 

(28) 


with Th the smile-conjugate of T+. Eq. (0) implies that in the central basis 4/+ reads 

T+ = T„,(a;, 0)n+^ T+ = 0)n+ (29) 
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for some M-independent superfields and its complex conjugate . Then, the ana- 
lyticity conditions (^) are equivalent to 


= 0 


and the reality condition takes the form 


= D - T'" 

^ r\r r\r ^ 


(30) 


(31) 


Eqs. ( |5(]|) and m constitute the constraints dehning the held strengths of the free 
vector-tensor multiplet p. 

Using the anticommutation relations 


{D+,D^} = 2ie^pd, {D+,D.} =2ie^^d, 


one immediately deduces from (pdf) and 


{Cj.flp = -{!>;.£'+} = -2i5„^ 

generalized Dirac equations 


d.'i* = 


(32) 


(33) 


and hence 


dX = • (34) 

The last relation can be also obtained from (|^) and (^71), in complete analogy to the 


Fayet-Sohnius hypermultiplet. We read eqs. (p^ and (M) as a dehnition of the central 
charge. If one had not allowed for a central charge then the constraints (|26|)-(^^ would 
have restricted the multiplet to be on-shell. 


The super Lagrangian associated with the vector-tensor multiplet reads 


r++ = -1 ( vi/+“vi>+ 

"‘^vtjfree 4 ' ^ 


+ if,+a 




Under central charge transformations it changes by derivatives 


dX 


++ 


1 


^•^vtjfree 




The functional 


’++ 

;,free 


^vt.free = j du {{9+f - ( 0 +)') £++ 

can be seen to coincide with the action given in H. Another possible structure 


/’++ = -- ( vl/+“vl>+ 4- 

'^der.free 4 


(35) 

(36) 

(37) 

(38) 
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produces a total derivative when integrated over the superspace. 


The constraints (^61)-(^) can be partially solved in terms of a real u-independent potential 

L{x, z, 6) 

K=iDtL L = L (39) 

which is still restricted by 

DtML = DtDjL = 0 . ( 40 ) 

If one includes coupling to the N = 2 Yang-Mills gauge superheld, described by 
the covariantly chiral strength W and its conjugate W 
consistently deformed as follows ^ 

p+“r>+L = KtT {V^W ■ V+^W) (41) 

V+V+IL = -n tr (v+W ■ P+Iy) (42) 

where L is a real n-independent gauge invariant superheld while W is invariant under 
the central charge. Such a deformation corresponds in particular to the Chern-Simons 
coupling of the antisymmetric tensor held, contained in the vector-tensor multiplet, to 
the Yang-Mills gauge held. 

The independent components of the vector-tensor multiplet can be chosen as 


131, the constraints (40) can be 


$ = L I D = d,h\ 

I i}^i = V^il. I 

Ga0 = \[Vc .^, L I , Pj] L I 

Haa = Haa = I" I (43) 

while the components of the vector multiplet are 

X = IT| X = IT| 

A), = Vl^W I I 

= - i |I>«.. PJ] H'• I f),j = 11%., PJ] H'- 

Y‘i = + V'^V^W) I (44) 

with Fmn the held strength associated with the Yang-Mills gauge held Am- The helds Hm 
and Gmn are subject to the constraints 

dmH^ = ^^tT{F^^Fmn " ^^^(AV’^A,)} 

dmG^'" = 2k dm tr {{X + X)F^'^ + (45) 
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which can be solved in terms of an antisymmetric tensor B^n and a vector Vm 
^ ^ KtT{e^^'^\AA - ‘^A^AkAi) - ^AV™A,} 

Gmn = dmVn — C^nKn + 2Ktr {(X + X)Fmn + ^AV^nAj — -AjdmnA*} • (46) 


Becanse of the constraints (^) and (|^), the snperheld is no longer analytic. Bnt 
also the Lagrangians (|35D and (^) can be deformed to obtain snpersymmetric actions 
with Chern-Simons interactions. Similarly to Ref. 0, let ns introdnce the following real 
snperheld 

E = L - -^tr {W-WY . (47) 


Using the Bianchi identities |I4 


v+w = 0 {v+fw = {v+yw 


S+^2^ 


(48) 


one can prove the important identities 

P+P+S = 0 (49) 

(p+)2s = -(v^yj: 

= ^ {{v+ytT {w^) - {v+yti {w^)] . (50) 

Therefore, the imaginary snperheld 

£++ = 1 {T)+"ST>+S + S(T'+)2s - (51) 

satishes both the constraints (|[) and ( 0 ), and therefore can be nsed to constrnct a snper¬ 
symmetric action. The corresponding action fnnctional obtained by the rnle (^ describes 
the Chern-Simons conpling of the vector-tensor mnltiplet to the N = 2 gange mnltiplet. 
It was hrst derived in component approach and then in X = 2 snperspace 0 . We give 
only the bosonic part of the component Lagrangian: 

+iK tr {(X - X)F^n} - tr {(X - X)Vm{X + X)} 

-2k ($ - ^tr (X - X)2) tT{V^XVrnX - ^F^^F^n - + ^[X,X]2} 

+2k^ tr {(X - X)T>”"X} tr {(X - X)VmX} 

-K^ tr {(X - X)F-ntr {(X - X)F^ J 

—tr {(X — X)X*-^} tr {(X — X)Yij} + fermionic terms . (52) 
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Now, we generalize the total derivative Lagrangian (|3^) (which is an iV = 2 analog of 
F F or 6*-terni). Similar to |P], we introdnce the real snperheld 

fi = L + -^tr {W + Wf . (53) 

Its properties read 


V+V+Q = 0 (54) 

(P+)2fi = (P+)2fi 

= I {{V+fti {W^) + {V+)hT {W^)} . (55) 

As a conseqnence, the imaginary snperheld 

= I (56) 

respects both the constraints (^ and (|^) and therefore dehnes a snpersymmetric action. 


The Lagrangian (|56D is the deformation of (^81). It is therefore a deformation of 
the Chern-Simons form F F which carries topological information. In components, the 
bosonic Lagrangian reads 


C 


der,bos 


9m [ (<h + ^tr (X + X)2) (iL™ - mtr {(X + X)V^{X - X)}) 




mnkl 


VndM 


(57) 


and contains total derivative terms only. 


In snmmary, in the present paper we have described the vector-tensor mnltiplet and 
its Chern-Simons conpling to the N = 2 gange mnltiplet in harmonic snperspace. It 
wonid be of interest to hnd an nnconstrained prepotential snperheld formnlation for the 
vector-tensor mnltiplet, which may exist, similar to the Fayet-Sohnins hypermnltiplet, in 
harmonic snperspace only. 


After this work had appeared on the hep-th archive we became aware of a recent paper 
where the anthors presented a two-form formulation of the vector-tensor mnltiplet 


in central charge snperspace and derived its coupling to the non-Abelian supergauge 
mnltiplet via the Chern-Simons form. The later paper is a natural development of the 
research started in |HI- 
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